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Abstract. The mathematical generalization of classical
model of the global circuit with taking into account the con-
vective current generator, working in the planetary boundary
layer was considered. Convective current generator may be
interpreted as generator, in which the electromotive force is
generated by processes, of the turbulent transport of electri-
cal charge. It is shown that the average potential of iono-
sphere is deﬁned not only by the thunderstorm current gener-
ators, working at the present moment, but by the convective
current generator also. The inﬂuence of the convective pro-
cesses in the boundary layer on the electrical parameters of
the atmosphere is not only local, but has global character as
well. The numerical estimations, made for the case of the
convective-unstable boundary layer demonstrate that the in-
crease of the average potential of ionosphere may be of the
order of 10% to 40%.
1 Introduction
The elucidation of the nature of the lower atmosphere elec-
tric ﬁeld and its temporal variation is one of the most im-
portant problems of atmospheric electricity. The conception,
according to which the main sources supporting the electric
ﬁeld in lower atmosphere is being thunderstorms, is adopted
at present. One of the ﬁrst model of electric ﬁeld of atmo-
sphere (or the global circuit) was the model of the spheri-
cal condenser (Wilson, 1925). The most developed mathe-
matical model is at present the quasistationary model of the
global circuit (Hays and Roble, 1979) in which the dipole
model of quasistationary thunderstorm is used as electrical
current generator supporting the electric ﬁeld of the lower at-
mosphere. This model is a computer realization of Wilson’s
model. The orography of the Earth’s surface, the anisotropy
of the conductivity in the top layer of the atmosphere are
taken into account by this model. The time variations of the
electric ﬁeld, for example UT diurnal variation, are caused
by the world thunderstorm temporal changing in the limits
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of thunderstorm theory of the atmospheric electric ﬁelds ori-
gin. For maintaining the equilibrium of the global current
circuit Hays-Roble’s model requires large values of charges
(>100C) in this model of thunderstorm which is necessary
for the creation, equal to 0.5A–1.0A and ﬂowing upward
from thunderstorm to the ionosphere (Selezneva, 1984). Be-
cause of this one has to ﬁnd the additional generators of
the electric current working in the lower atmosphere. One
of such generators may be the convective current generator
working in the planetary boundary layer. Indeed the appear-
ance of this layer leads to the appearance of the convective
electric current for the case of the unstable boundary layer
or the turbulent electric current if the boundary layer has the
neutral stratiﬁcation. Appearance of this currents leads to the
changing of the global circuit parameters and it is possible to
lower the requirements to thunderstorm generators in the sta-
tionary model (the process of current or additional electric
ﬁeld generation were discussed also by Pulinets et al., 1998).
On the other hand, the variations of thunderstorm activity do
not always correspond in phase to the variations of the elec-
tric ﬁeld strength (Morozov, 1981).
It was pointed out by Imyanitov and Kolokolov (1984) that
the processes of convective and turbulent transfer of electric
charges in the atmosphere averaged for the globe can lead
to the stable universal time variations of the electric ﬁeld.
Therefore, in the present paper the generalization of the qua-
sistationary model of the global circuit is considered which
includes the thunderstorm generators and the convective cur-
rent generator working in the planetary boundary layer.
2 The mathematical model
Let us consider the problem of the deﬁnition of the elec-
trical potential of the atmosphere ϕ in the region between
the boundary layer and the ionosphere. The thunderstorms
will be modeled as the dipole current generator (Holser and
Saxon, 1952; Hays and Roble, 1979). The convective electri-
cal current will be neglected in this region. Then the equation
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for electrical potential ϕ in the stationary case may be ex-
pressed in the following form, in CGSE system:
div(λgradϕ) = −4πλ
X
i
qiδ (r − ri) , (1)
where λ is conductivity of the atmosphere, qi, ri are charge
and radius-vector of the I-th thunderstorm sources, δ (r−ri)
– Dirac’s function.
The boundary conditions for ϕ are

∂ϕ
∂n − Kϕ

 
S=S1
= 0,
K =


 

H R
0
E0 (z)dz


 

−1
,
1
4π
H
S2
ϕd = ϕ∞ ,
(2)
where S1 – high limit surface of boundary layer, H – height
of the boundary layer, n – is normal vector of boundary layer
surface, S2 is surface lying in top layer of atmosphere, ϕ∞
– average potential of ionosphere, E0(z) is nondimensional
electric ﬁeld strength in the boundary layer which is deter-
mined below.
For estimating K the following equations describing the
stationary one-dimensional structure of electric ﬁeld in the
boundary layer are used:
ρ0v0
z + ¯ λ(z) ¯ E(z) = j0 ,
d ¯ E
dz = 4π ¯ ρ ,
− d
dzDT(z)d¯ λ
dz = 2ebq − ¯ α
2eb ¯ λ2 − γ ¯ λ,
(3)
where ¯ ρ is average density of electrical charge in the bound-
ary layer, DT(z) – the coefﬁcient of the turbulent diffusion,
¯ λ is average conductivity, ¯ E is average vertical component
of the electric ﬁeld strength, b is mobility of small ions,
¯ α (b+=|b−|) – is recombination coefﬁcient, q is intensity
of ionization, ρ0 are ﬂuctuations of the density of electrical
charge, v0
z – ﬂuctuations of vertical hydrodynamical velocity,
e is charge of electron, j0 is density of electrical current, γ is
the electrical density of aerosols.
The system of Eqs. (3) has been obtained by the presen-
tation of quantities f= ¯ f+f 0 and averaging the initial equa-
tions in horizontal plane: ¯ f= 1
S
R
f dS (Monin and Yaglom,
1965; Willet, 1979).
The boundary conditions for the system of Eqs. (3) may
be expressed in the form
¯ λ(z = z0) = 0, ¯ λ(z = H) = 2eb
q
q
α ,
d ¯ E
dz
 

z=z0
= 0 , E (z = H) =
j0
λ(H) ,
(4)
where z0 is roughness scale of the Earth’s surface (z0≈
2.5×10−3 m) (Monin and Yaglom, 1965; Willet, 1979), in
this case is E0(z)=
¯ E(z)
¯ E(z=H).
For ﬁnding the solution of Eq. (1) with the boundary con-
ditions (2) ϕ may be expressed in the form:
ϕ =
X
i
qiGi + ψ (5)
where Gi is Green’s function of the i-th source which is so-
lution of the boundary problem:
div(λgradGi) = −4πλ
P
i
qiδ (r − ri) ,
Gi|S=S1 = Gi|S=S2 = 0
(6)
Function ψ is found from the solution of the following equa-
tion:
div(λgradψ) = 0

∂ψ
∂n

+
P
i
qi
∂Gi
∂n − Kψ
 


S=S1
= 0 (7)
Thus, the problem of the estimation of electric potential in
the region between surfaces S1 and S2 is reduced to the prob-
lem of estimating function Gi and ψ. To estimate these func-
tions the conductivity λ(r) in the Earth atmosphere should
be prescribed. It is estimated from the solution of the third
equation of system (3) in the boundary layer. We use the fol-
lowing presentation for in the area between surfaces S1 and
S2 (Hays and Roble, 1979).
λ(r,θ,φ) = λ(r1,θ,φ) eα(r−r1) , (8)
where (r, θ, φ) are spherical coordinates beginning in the
center of the Earth, r1 is distance from the center of the Earth
to the top of the boundary layer, α=0.2km−1.
The following presentation of Green’s function may used
taking into account that correction deﬁned by deﬂexion from
plane case and correction deﬁned by latitude changing λ (r,
θ, φ) are small (Frenkel, 1949):
Gi = e−α
2 (r−ri)
 
e−α
2 ρi
ρi
−
e−α
2 ρ0
i
ρ0
i
!
, (9)
where ρi=|r−ri|, ρ0
i is distance from the point of obser-
vation to the mirror charge situated symmetrically relative to
surface S1 which may be considered as plane in the area of
working of thunderstorm sources.
For determination of ψ we present it in the form of expan-
sion in spherical harmonics functions (Morse and Feshbah,
1960):
ψ(r,θ,φ)=
X
n,m≤n
An,mRn(r)Yn,m(θ,φ), n=1, 2, 3 ...(10)
where An,m – constant, Rn(r) – radial part of the function
ψ(r, θ, φ).
Substituting Eq. (10) in Eq. (7), we get equation for func-
tion Rn(r):
d2Rn(r)
dr2 +

2
r
+ α

dRn(r)
dr
−
n(n + 1)Rn(r)
r2 = 0. (11)
Solving Eq. (1) we get the following asymptotic expressions
for Rn(r):
R0(r) = B +
∞ R
r
e−αy
y2 dy ≈B + e−αr
αr2
Rn(r) ≈ e−αr
αr2 , n > 0
(12)
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where B is constant.
Using the second boundary condition (2) and taking into
account that spherical harmonic functions are orthogonal,
we obtain that the average value of ψ on sphere is equal to
A0,0R0(r) we get:
ϕ∞ = BA0,0 (13)
Substituting Eqs. (12) and (13) in Eq. (10), ψ is obtained
from:
ψ = ϕ∞ + e−αr
αr2 ν(θ,φ) ,
ν(θ,φ) =
P
n,m≤n
An,mYn,m(θ,φ) (14)
Using the boundary condition (7) for ψ on the surface S1,
ν(θ, φ) is obtained from:
ν(θ,φ) =
eαr1r2
1  
1 + K
α



 
∂
∂r
X
i
qiGi
!
r=r1
− Kϕ∞

 (15)
When deriving Eq. (15) the differentiation with respect to the
normal direction of surface S1 is replaced by the differentia-
tion with respect to the radius direction, since the angle of the
slope of surface S1 to horizontal plane caused by variation of
the weight of boundary layer is equal to 1H
R , where 1H is
variations of the height of boundary layer, R – radius of the
Earth and is small at 1H∼1km.
Substituting Eqs. (14) and (15) in Eq. (5) we obtain the
expression for potential ϕ in the spherical layer between S1
and S2:
ϕ(r) =
X
i
qiGi + ϕ∞

1 −
K
K + α
e−α(r−r1)

+
e−α(r−r1)
K + α
 
∂
∂r
X
i
qiGi
!
r=r1
(16)
Using stationary condition:
H
S1
λ
∂ϕ
∂ndS=0 for estimation of
ϕ∞ we obtain ϕ∞ from:
ϕ∞ = −
1
4πα
P
i
qi
H
S1

∂Gi
∂r

r=r1
Kλ
K+αd
1
4πα
H
S1
Kλ
K+αd
(17)
Since every function Gi is not equal to zero in small region
of the space, K may be constant in this region and taken to be
Ki=K(θi,φi). Then, for the numerator of Eq. (17) we get:
1
4π
X
i
qi
I
S1

∂Gi
∂r

r=r1
Kλ
K + α
d
=
X
i
qi

∂ gi0,0
∂r

r=r1
Kiλi
Ki + α
, (18)
where gi0,0 is zero coefﬁcient of expansion of function Gi
in spherical harmonic functions equal to the average value of
Gi of the sphere.
Making use of the well known expansion of function e−βρ
ρ
byLegandrepolynomials(MorseandFeshbah, 1960)forsur-
face S1, we obtain:

∂gi0,0
∂r

r=r1
= −
1
r2
1
Changing in Eq. (17) from summing up by separate sources
to summing up by dipoles and taking into account that charge
of the positive pole of dipole qi+ and charge of the negative
pole of dipole qi− are connected with the value of charging
current Ji in the dipole model of thunderstorm by equation:
Ji=4πλi+qi+=−4πλi−qi− (Holser and Saxon, 1952), ϕ∞
is obtained from:
ϕ∞ =
1
4πR2α
P
i
Ji

1
λi− − 1
λi+

Kiλi
Ki+α
Kλ
K+α
Kλ
K+α = 1
4π
H
S1
Kλ
K+αd
(19)
If K→∞ is equivalent to solving the problem for the estima-
tion of electrical potential ϕ with zero boundary condition on
the Earth’s surface, the Eq. (19) coinsides with the equation
for ϕ∞ from paper (Hays and Roble, 1979). In “fair weather
region” where the thunderstorm sources are absent, the elec-
trical potential ϕ is obtained from the following expressions
from Eq. (16):
ϕ = ϕ∞

1 −
K
K + α
e−α(r−r1)

(20)
The vertical component of the electrical ﬁeld strength Er is
determined by differentiation of Eq. (20):
Er = −
Kα
K + α
e−α(r−r1)ϕ∞ (21)
In the regions where boundary layer is absent (K→∞) we
obtain:
ϕ = ϕ∞
 
1 − e−α(r−R)
,
Er = −αϕ∞e−α(r−R) (22)
The obtained results are valid not only in the stationary case
but also in the quasistationary case under the conditions:
Tτλ where T is the characteristic time of changing the
electrical parameters of convective and the thunderstorm cur-
rent generators, τλ is time of the electrical relaxation. There-
foreitfollowsfromtheEqs.(20–22)thatifϕ∞ andK change
so that the atmosphere has time to relax under this changing,
then changes of the electric ﬁeld strength and electrical po-
tential may be caused not only by change of the globe thun-
derstormactivity, butalsobytemporarychangeofconvective
current generator determined by the working of some aver-
age boundary layer, existing on the Earth’s surface.
Let us consider the problem of ﬁnding the values of quan-
tity K, characterizing the intensity of the convective current
generator. As mentioned above, this quantity is determined
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from the solution of the Eqs. (3). This system of equations
may be supplemented with the equation determining the den-
sity of turbulent electrical current ρ0v0
z. For its estimation
one may use either diffuse approximation: ρ0v0
z=−DT(z)
∂ ¯ ρ
∂z
or develop the method of its estimation based on the closure
of correlation moments of the third order, as it was done for
convective-unstable boundary layer (Willet, 1979). The re-
sults of computer simulations considered in this paper have
show that for convective-unstable boundary layer with inver-
sion: K=4×10−4 m−1 forH=103 m. Allotherstratiﬁcations
of boundary layer give the values of K much higher than
the value of K for convective-unstable boundary layer. Let
us estimate changes of the average potential of ionosphere
ϕ∞ using the numerical value of K for convective-unstable
boundary layer. First of all let us note that in the case of
homogeneous distribution of boundary layer on the Earth’s
surface (model of spherical Earth): ξi= Kiλi
Ki+α
.
Kλ
K+α=1 and
the contribution of the current generator working in the plan-
etary boundary layer potential of the ionosphere is equal to
zero. In real case the thickness of the atmospheric boundary
layer depends on latitude and longitude therefore ξi6=1. Ex-
perimental data about geographical distribution of the plan-
etary boundary layer on the Earth’s surface are absent at
present, therefore below we shall give some simple estima-
tions of the value of changing ϕ∞. Let us assume that λI=λ
and in the region of working of thunderstorm’s sources:
Ki→∞, Ki
Ki+α=1. Then ϕ∞ is obtained from
ϕ∞ = ϕ0
∞
.
¯ K
K+α ,
ϕ0
∞ = 1
4πR2α
P
i
Ji

1
λi− − 1
λi+
 (23)
The following values are assumed for the area occupied
by convective-unstable boundary layer: S/S0=0.9; 0.5;
0.1; where S0 is the area of the Earth’s surface, then
K

K+α=0.7; 0.84; 0.97 and for ratio ϕ∞

ϕ0
∞ we obtain
values: ϕ∞

ϕ0
∞=1.42; 1.20; 1.03.
The estimations show that convective current generator
working in the boundary layer of the atmosphere can make
contribution to the average potential of the ionosphere which
is ∼10% (maximum value is 42%). Undoubtedly the estima-
tions obtained are of preliminary character and will be im-
proved in future.
3 Conclusion
Thus, the generalization of the classical model of global
circuit taking into account the convective current generator
working in the boundary layer of the atmosphere is obtained.
The calculations show that the convective current generator
exerts not only the local inﬂuence on the distribution of the
electrical parameter of the atmosphere, but also determines
the values of the average potential of the ionosphere along
with thunderstorm current generators. The numerical
estimations of changing of potential of ionosphere are given
for the case of the convective-unstable boundary layer,
assuming that the region of the action of thunderstorm
sources and convective current generators are spatially
divided. The value of changing is equal to 10–40%. Thus,
along with thunderstorm activity, convective processes in the
atmosphere make the contribution to the global temporary
variation of the electrical parameters of the atmosphere.
Further development of this conception is determined by
the investigations of the geographical distribution of the
planetary boundary layer on the Earth’s surface and the
investigations of electrical processes in these regions of the
atmosphere.
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